ON THE QUANTUM 'AX+B' GROUP 

PIOTR STACHURA 

Abstract. The more detailed description of the 'ax+b' group of Baaj and Skandalis is presented. In 
particular we give generators and present formulae for the action of the comultiplication on them. We 
prove that this quantum group is a defined by the twist. 



(N 



1. Introduction 



> 
O 



The purpose of this work is to give a more detailed description of the quantum 'ax+b' group of Baaj 
and Skandalis [HEJG]. I n particular we describe the C*-algebra by generators and relations, show that 
the comultiplication is given by a twist and compute an action of the comultiplication on generators. We 
also show that this quantum group is a quantization of a Poisson-Lie structure on the classsical 'ax+b' 
; group. 

On the Hopf *-algebra level this group is given by generators A , A^ 1 , Z and relations [2]: 

A = A* , Z = —Z* , [A, Z] = A{1 — A) 

ry 

s "\ ■ Together with comultiplication A, counit e and antipode S: 

A(A) = A ® A , A(Z) = Z ® A + 1 ® Z , e(A) = 1 , e(Z) = , S(A) = A' 1 , S{Z) = -ZA~ l 



If one wants to find a C*-algebra with affiliated elements A, Z that satisfy these commutation relations, 
first step is to represent them on a Hilbert space. One hopes to find A, A - ^unbounded, invertible, 



selfadjoint operators and iZ-selfadjoint, satisfying in some reasonable sense the relation [A, Z] = A(l— A). 
^ ■ This is possible but the most natural choice leads to the situation where A(iZ) is symmetric but not 
selfadjoint. 

One can rewrite these relations using different generators and this is the way we choose. Let us define 
O ■ Y := A" 1 — I and X := iZ. These elements satisfy: 

Y = Y* , X = X* , [X,Y]=iY, 
^ : (1) A(Y) =Y®Y + I<g>Y + Y®I, A(X) = X ® (Y + I)" 1 + / ® X 

These are relations we are going to give a meaning to. 

In the following we will use groupoid algebras, so now we recall basic facts and establish the relevant 

notation. The category of groupoids used here is described in [1] and in a differential setting in [5]. 

A groupoid is a set T together with a subset E C T (the set of identities), an associative relation 

(multiplication) m : T x T — t>T and an involutive mapping (inverse) s : T T. They satisfy certain 

relations that entail the existence of two projections ei,eR : T — > E (target and source projections) 

and the fact that m is a mapping defined on the set {(x,y) G T x T : en(x) = ei(y)} of composable 

pairs; this is the standard notion of groupoid. The definition of a morphism of groupoids used here is 

different, however. By a morphism of groupoids r,r" we mean a relation h : T — >T' which satisfies: 

hm = m'(h x h), hs = s'h and hE = E' (see [U [5]). In a differential setting T is a smooth(Hausdorff) 

manifold, the set of units and the set of composable pairs are closed submanifolds, s is a diffeomorphism, 

m is a differential reduction and eL,&R are surjective submersions. 

l 
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A bisection of a differential groupoid T is a submanifold B C T such that ei\ R and e R \B are diffeo- 
morphisms B E. If B C T is a bisection and h : T — >r" is a morphism then h(B) is a bisection of 

r'. 

1/2 1/2 

Let r be a differential groupoid and let VL^ , £l R denote the bundles of complex half densities along 
left and right fibers. A groupoid *-algebra A(T) is a vector space of compactly supported, smooth sections 

1/2 1/2 

of Q R together with a convolution and *-operation. To write explicit formulae let us choose Ao 
- a real, nonvanishing, left invariant half density along left fibers (in fact that means we choose a Haar 
system on T, the "choice-free" definition and other detailes are given in |7j.) Let po := s(Ao) be the 
corresponding right invariant half density, and ojq := Xq ® pq. Then any u G A(T) can be written 
as u = fu)Q for a function / G T> (r) (smooth, compactly supported). With such a choice we write 
(/l^o) (/2W0) =: (/1 * /2)^0, (M))* =: (/*)w and: 

(2) {h * / 2 )( 7 ) := / Ag(7 / )/i(7 , )/2(^(7 / )7) = / ^(tO/iMtUCY) , /*( 7 ) == 7Rt)) 

The first integral is over the left fiber passing through 7, the second over the right one. 
The choice of loq defines a norm on -4(r): 

||/wo||o=:||/||o = max {sup f A§( 7 )|/( 7 )l, sup / pg( 7 )|/(7)ll 

With this norm ^4(r) is a normed *-algebra. 

There is a faithful representation -n - ^ of »4(r) on L 2 (T) described as follows: choose uq - a real, 
nonvanishing half density on E; since en is a submersion one can define ipo := po ® vq - this is 
a real, nonvanishing, half density on T. For ip = J^Cb fi £ ^(F) the representation is given by 
7Tid(/iWo)(/2?/ ; o) =: (^id(fi)f2)ipo and 7r id (/i)/ 2 = fi * f2 is as in ([2]). The estimate ||7r id (w)|| < ||cj|| 
makes possible the definition: T/ie reduced C* -algebra of a groupoid is the completion of ^4(r) in the 
norm ||o;|| := ||7Tjrf(u;)||. We will also use the following fact which is a direct consequence of the definition 
of the norm ||/||o: 

Lemma 1.1. Let U C T be an open set with compact closure. There exists M such that ||/||o < 
M sup |/(7)| for any f € with support in U. If f n € T)(T) have supports in a fixed compact set and 

f n converges to f G T> (T) uniformly then f n UJQ converges to fujQ in C*(T). m 

With a morphism h : T — \>V of differential groupoids there is associated a mapping A(T) <g> -4(r') — > 
•/4(r'), this mapping commutes with a (right) multiplication in A(T') and we use notation h(uj)u'; there 
is also a representation of A(T) on L 2 (T'); these objects satisfy some obvious compatibility conditions 
with respect to multiplication and *-operation (see [7| for a detailed exposition). 

Now we recall some facts about double groups. Let G be a group and A,BcG subgroups such that 
A n B = {e}. Every element g in the set T := AB n BA can be written uniquely as 

9 = a L {g)oR{g) = b L {g)a R {g) , a L (g),a R (g) G A, b L (g),b R (g) G B. 

These decompostions define surjections: ol,or : T — > A and bL,b R : T — > B (in fact aL,b R are defined 
on AB and bi, a R on BA, we will denote these extensions by the same symbols). The formulae: 

(3) E := A , s(g) := b^g^a^g) = a R (g)b R (gY 1 , Gr(m) := {(biab 2 ; ha, ab 2 ) : M, ^2 G T} 

define the structure of the groupoid Ta over A on T. The analogous formulae define the groupoid T R 
over B. On the other hand for a subgroup B C G there is a (right) transformation groupoid (B\G) x B. 
The following lemma explains relation between these groupoids. 
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Lemma 1.2. The map: 

<S>:T A Bg^ ([a L (g)],b R (g)) G (B\G) x B 

is an isomorphism of the groupoid Ta over A with the restriction of a (right) transformation groupoid 
(B\G) x B to the set {[a] : a G A} C B\G. 

Proof: We give only the sketch of the proof. Let Ta 3 g = ab = b'a'. Then = ([a] ,6) and 

[a] ■ b = [ab] = [a'}, so $>(Ta) is really contained in the restriction. On the other hand, if ([g], b) is an 
element of the restriction i.e [g] = [a] and [gb] = [a'] then the mapping ([<?],&) i-» a R (g)b G G is well 
defined, has image in Ta and is the inverse of <3?. Direct computations show that is an isomorphism of 
group oids. ■ 

If AB = G (i.e. r = G) the triple (G; A, B) is called a double group and in this situation we will denote 
groupoids Ta,T r by Ga,Gb- It turns out that 5 := m\ : Ga — >G A X G A is a coassociative morphism 
of groupoids. Applying the lemma 11.21 to the groupoid Ga we can identify it with the transformation 
groupoid (B\G) x B. So Ga = A x B is a right transformation groupoid for the action (a, b) \— > a R (ab) 
i.e the structure is given by: 

E := {(a, e) : a £ A} , s(a, b) := (a R (ab), ft -1 ), 

m := {(ai,bib 2 ;ai,bi,a R (aibi),b2) : a\ G A, b\,b 2 G 5} 

In £/ie formula above, we identify a relation m : T x T — >T mt/i iis graph, i.e. subset of T x T x T. 
We will use such notation throughout the paper. If G is a Lie group, .A, -B are closed sugroups, An B = 
{e} , AB = G then (G\ A, B) is called a double Lie group. It turns out that the mapping 5 extends to 
the coassociative morphism A of C*(Ga) and C*{Ga x Ga) = C*(Ga) <8> C*(Ga) which satisfies density 
conditions (els denotes the closed linear span): 

cls{A(a)(I <g>b):a,b£ C*(G A )} = cls{A(a)(b ® J) : a, b G C;(Ga)} = C£(GU) ® C* (Ga) 

There are other objects that make the pair (C*(Ga)> A) a locally compact quantum group, we refer to 
[6] for details. 

The quantum 'ax+b' does not completely fit into this framework, but as we will see, it is possible to 
describe it using this approach as a guiding line. The main technical problem is that vector fields that 
"should" define operators affiliated to a groupoid C*-algebra are not complete, so the operators are not 
essentialy selfadjoint on their "natural" domains. So one has to choose right domains or overcome this 
problem in a different way. 

The next section "sets the stage"; in the third one we consider a general situation in which the twist 
can be defined and apply results to the 'ax+b' group in the fourth section. (The situation from the third 
section also appears in the K-Poincare Group, this will be decribed in a forthcoming paper). In the fifth 
section we give generators and relations and compute the action of comultiplication on them; we also 
express the twist as a function of generators. In the last section we consider our group as a deformation 
of a Poisson-Lie group. In the appendix we collect some formulae used in the paper. 

2. Setup 

Let G be the 'ax+b' group i.e. G:=Mxl t with the multiplication (b±, ai)(&2, ^2) := (61+0162,0102). 
For s G R U {00} let us define the closed subgroup of G: 

C s := {(6, 1 + ab) : 1 + sb / 0} , s G R ; := {(0, a) : a G R*}. 

(If we treat RU {00} as a one point compactification of R the mapping s 1— > C s is continuous as a mapping 
into closed subgroups of G with Fell topology). Let B := Cq and A := C^. Note that for s ^ t we have 
C s r\C t = {e} and for s G R\{0}: C s = {(^,c) : c G R*}. 
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For s ^ t let: 

T st := C s C t n C t C s = {(6, a) : stb- sa + t / , stb - ta + s / 0} = F ts 

It is straightforward to check that each T st is open and dense in G, and for t / Tot = G. T st is a 
differential groupoid over C s and Gj. 

G acts on {T s : s G RU {oo}} by adjoint action and this action induces isomorphisms of corresponding 
differential groupoids. So it is sufficient to consider the family 

T s := T soo = C S A n AC S = {(&, a) : (1 + s6)(a - sb) + 0} 

and grupoid structures over C s and A Projections in T s on G s and A will be denoted by a^, a/j : T s — > A 
and cl, cr : T s — > G s , they are given by: 

a L (b, a) := (0, a - sb) , a R (b, a) := (0, - -^ ), 

c L (6, a) := (6, 1 + s6) , cr(6, a) := ( — ^— , — ^— ) 

a — sb a — sb 

Remaining parts of structures of groupoids are as follows. 
For T s z4 C s : the inverse s c (b,a) := (^, ±±|*) 
and the multiplication relation: 

rn-c ■= {(h, , aia \ ;bi,ai,b 2 ,a 2 ) : 6i = 62(01 - s&i)} C T s x T s x T s 

1 + St»2 

For T s z4 A: the inverse s A (M) := (1+^5, f^f) 
and the multiplication relation: 

rfiA ■= {{bi + (1 + s&i)&2, (1 + sbi)a 2 ; h,a 1: b 2 ,a 2 ) : ai = (1 + s6i)(a 2 - s6 2 )} C T s x T s x T s 

Straightforward computations show that, for s 7^ the map: 

T s 9 (6, a) ' y (~, -l)(b, a)(-- g , -I)" 1 = (-1 - 6 + ^, a) G T s 

is an isomorphism of T s 14 G s and T s z4 A. 

Groupoid structures on To = G are given by the double Lie group (G;A,B); for s 7^ the map: 
T s 5 (6,0) i-> (0, s)(b, a)(0, = (sb,a) G Ti gives isomorphisms of both groupoid structures, so it is 
enaugh to consider s = 1. 

Let us now denote C := Ci and T := Ti. On T there are two (isomorphic) groupoid structures: 
Tc : T C with structure 

c L (b, a) = (6, 1 + 6) , c R {b, a) = ( -, -) , s c {b, a) := ( -, -) 

a — b a — b a — b a — b 

(4) fn c = {(h, -i" 1 "? ;b 1 ,a 1 ,b 2 ,a 2 ) : 61 = b 2 (a 1 - h)} 

l + o 2 

Ta ■ r =4 ^4 with structure 

a L (6, a) = (0, a - 6) , or(6, a) = (0, ^^5) ' a ) = ^YTb' T+l^' 

(5) = {(61 + (1 + 61)62, (l + &i)a2; 61, ai, 6 2 , a 2 ) : ai = (1 + 6i)(a 2 - 6 2 )} 

Since (G; i?, G) is a double Lie group there are two groupoid structures on G: 
Gb:G^B: 

b L (b, a) :=(b-a + 1, 1) , 6^(6, a) := (- — cl L^l j 1) ; SB fa a) := (- — 2a + b ; -) 

a a a 

(6) tob := {(61 + a±(a 2 - 1), a\a 2 ; h, ai, 6 2 , a 2 ) : 1 + 61 — ai = ai(l + 6 2 - a 2 )} 
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G c : G =t C: 

cz(b, a) := (a — 1, a) = cr(o, a) := , sc(6, a) := (2 — 2a — 6, a) 

(7) m c := {(h + 6 2 + 1 - a,a;bi,a,b 2 ,a)} 

Let us denote <5q := m^J; this is a coassociative morphism: Gb — >Gb X Gb- 

To summarize, we arrive at the following situation: there is a Lie group G and three closed subgroups 
A,B,C satisfying conditons 

G = BC , AnC = BnC = {e} 
This is investigated in the next section. 

3. The twist 

Let G be a group and A, B,C C G subgroups satisfying conditions: 

(8) An B = {e} = C n B , AB = G. 

As described above, in this situation, there is the groupoid Ga, and the (coassociative) morphism So : 
Ga — >Ga x Ga, explicitely the graph of Sq is equal to: 

(9) 5q = {(a\b, ba 2 ; ai&a 2 ) : a\, a 2 G A , b G B} 
Let us note that bi,(g),aL(g) and bn(g),an(g) determine g uniquely: 

9 = a jR (a R (5)6 jR (5)~ 1 )6i ? (5) = b L {g)a L {b L {g)- 1 a L {g)) 

Using the lemma [L2l we see that this is a transformation groupoid (B\G) x B and the isomorphism is 

(B\G) x B 3 ([g],b) ^ a R (g)b e G 

Let T := CB n -BC and consider on V the groupoid structure Tc over C described above together with 
a relation 

m% := {(ci&i,&ic 2 ;ci&ic 2 ) : cibi,b±c 2 G T} C T x T x T. 

The corresponding projections will be denoted by 6l, bR and cr, cl- Again, by the lemma [L2l we identify 
the groupoid r z4 C with the restriction of (B\G) x _B and then with the restriction of Ga to the set 
A' := A n -BC, i.e. with a^ 1 (^4') D a R ^{A'). This isomorphism is given by: 

r c 3 cb H- a R [c)b G G A 

The image of mj^ is equal to: 

{(a R (ci)6i,o/ ? (c 2 )6 2 ;a jR (cic 2 )6 2 ) : ci&i = &ici,&ic 2 = c 2 6 2 } 
Let us now define the basic object of this section 



(10) T := {(g, a) : b R (g)a G C} = {(ai6 L (a 2 ) 1 , a 2 ) : ai G A, a 2 G A'} cG^x G A . 
Using the definition §§§ of 5q one easily computes images of T by relations id x 5q and <5o X id: 

(11) (id x 5 )T= {(gi,a 2 ,a 3 ) : a 2 a 3 G A', b R (gi) = b L (a 2 a 3 y 1 } 

(12) (<5 x id)T = {( 5 i, 52j a 3 ) : Msi) = MS2) , a 3 G 4' , b R {g 2 ) = Mas)" 1 } 



Let us also denote T 12 := T x A c Ga x G A x Ga and T 23 := A x T C Ga x Ga x Ga- 
The main properties of T are listed in the following 

Proposition 3.1. (1) T is a section of left and right projections (in Ga x Ga) over the set A x A 1 
and a bisection of Ga x Tc; 
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(2) (id x 5q)T is a section of left and right projections (in Ga x Ga x Ga) over the set A x 5q(A') = 
{(ai,a 2 ,a 3 ) : a 2 a 3 G A'}; 

(3) (So x id)T is a section of left and right projections over the set A x A x A'; 

(4) T 23 (id x <5o)T = Ti2(^o x id)T (equality of sets in Ga x x G^, moreover this set is a section 
of the right projection over A x (So(A') fl(i x A')) and the left projection over A x A' x A'. 

Proof: 1) Since the "right leg" of T is A' it is clear that if T is a section of left and right projection 
over A x A 1 it is a bisection of Ga x Tc- The formula ()10p implies that T is a section of ai x a/, over 
A x A'. But since g G G is determined by 0^(5) and bn(g), it is enaugh to show that for (0,1,0,2) € Ax A' 
there exists 51 with an(g\) = ai and (51,02) G T. So let a 2 =: 60 Co then for 51 := sa(oi&o) we have 
or (gi) = ai and 6/2(51) = &Q 1 so (51, a 2 ) belongs to T. 

2) From formula (jlip it follows that (id x <5o)7" is a section of the left projection over A x Sq(A'). As in 
point 1), for (a%, a 2 , a 3 ) £ Ax Sq(A') with a 2 a 3 =: 60C0 one has o#(sa (0160)) = 01 and (sa(oi6o), 02,03) G 
(id x 5 )T. 

3) Follows directly from formula (|12p . 

4) By direct computation one gets: 

T 23 (id x S )T = {(gi,g 2 ,a 3 ) : a 3 ,a R (g 2 )a 3 G A' , b R (g 2 ) = ^(aa) -1 , Mfi) = Mor(52)o3) _1 } 

and the same result for Ti 2 (S$xid)T . This formula implies that for any (a\,a 2 , a 3 ) G Ax (So(A')n(Ax A')) 
there exists exactly one pair (gi,g 2 ) such that a\ = an(gi),a 2 = an(g 2 ) and (gi,g 2 ,a 3 ) G T 23 (id x Sq)T. 
It remains to prove that it is a section of the left projection over Ax A' x A'. It is clear that for a given 
(a\,a 2 ,a 3 ) there exists at most one pair (g\,g 2 ) such that a\ = ol(5i),o 2 = ai(g 2 ) and (51,52,03) £ 
T 23 (id x 5q)T. The rest follows from the following observation: 
Let a 3 G A' , a 3 =: &0C0 then 

a € A' a R (ab ~ 1 )a 3 G A' 

Indeed if a =: 60 Co then 

a,R(abQ l )a 3 = b L (abQ l y 1 ab 1 a 3 = 6x(o6q 1 ) _1 ac = b L (ab^ 1 ) -1 6 coCq G £G 
On the other direction, 

■ 

Because of the prop 13.11 the left multiplication by T, which we denote by the same symbol, is a 
bijection of Ga x a^ 1 (^4'); also the left multiplication by (So x id)T, which will be denoted by T\, is a 
bijection of Ga x Ga x a^ 1 (^4'), and the left multiplication by (id x Sq)T, denoted by T 2 , is a bijection 
of Ga x (ai x ol)^ 1 (So(A')). These mappings are given by: 

(13) T : (0161,0262) h> (sa(oi6l(o2))6i,026 2 ) = (bL(aib L (a 2 )y 1 a 1 bi,a 2 b 2 ) = 

= (a R (ai6 L (a 2 ))6L(a 2 ) _1 6i,a 2 6 2 ) 

T' 1 : (0161,0262) h-> (sA(ai6L(a 2 ) _1 )6i,a 2 6 2 ) 

(14) Ti : (0161,0262,0363) (->■ (sA(ai6 L (a 2 6L(a 3 )))6i,SA(o 2 6L(a3))6 2 ,a 3 63) = 

= (6L(aia 2 6L(a 3 )) _1 ai6i, b L (a 2 b L (a 3 )y 1 a 2 b 2 , a 3 b 3 ) 

Tf 1 : (0161,0262,0363) i-> (sA(oi6L(a 2 6 L (a3)~ 1 ))6i,SA(a 2 6i / (a 3 )" 1 )6 2 ,a 3 6 3 ) 



(15) 



T 2 : (0161,0262,0363) H> (sa(oi6l(o20 3 ))6i, 0262,0363) = 
= (6L(ai6L(a 2 a3)) _1 ai6i, a 2 6 2 , a 3 6 3 ) 
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T 2 X : (a 1 b 1 ,a 2 b2,a 3 b 3 ) h4 {s A {a 1 b L {a 2 a 3 )~ 1 )b 1 , a 2 b 2 , a 3 b 3 ) 

The composition T\ 2 T\ = T 23 T 2 is a bijection from Ga X (ol x a^) -1 ^^!') n(ix A')) to Ga x (ol x 
aL) _1 (^4' x A') and is given by: 

T 12 Ti : (ai6i,a 2 62,a 3 6 3 ) i-> (b L (a 1 b L (a 2 a 3 ))~ 1 aibi,b L (a 2 b L (a 3 ))~ 1 a 2 b 2 , a 3 b 3 ) 
Let Ady : Ga x Ga — > Ga x Ga be a relation denned by: 

(gi, 92] 53, 9a) G 3*1, *2 G T : (51,52) = *i(s3, 54)(sa x sa)(*2)- 

Using the definition of T (jlOp one gets: 

Ad T = {(afi(a3^L(a4))^L(a4) _1 fe3^L(aR(a4ft4)), 04^4; ^3^3,04^4) : ai,a R (a A b A ) G A'}. 
Finally, let us define the relation 5 := Ad-? ■ So : Ga — >Ga x Ga- 

(16) 5 = {(a R (a 3 a2 1 b L (a 2 ))b L (a 2 )~ 1 b L (a 2 b 2 )b L (a R (a 2 b 2 )), a 2 b 2 ; a 3 b 2 ) : a 2 , a R (a 2 b 2 ) £ A'} 
Lemma 3.2. S is an extension of i.e. C 8 

Proof: Recall that 

™b = {(aR(ci)h,a R (c 2 )b 2 ;a R (cic 2 )b 2 ) : c\b\ = b\c\,bxc 2 = c 2 b 2 } 
By lemma [TT21 a b (o ) and a R (a R (c 2 )b 2 ) are in A'. So it remains to prove that: 

« J R(a/?(ciC2)ai?(c2)~ 1 6L(ai ? (c2)))&L(a J R(c2))" 1 6L(ai?(c2)62)bL(ai?(a j R(c2)6 2 )) = or(ci)&i 
Let C2 = 6o«o then a R (c 2 ) = ao and bi(a R (c 2 )) = 6q . We have: 

o j R(o j R(ciC2)a j R(c2) _1 6L(a jR (c 2 ))) = OR(cic 2 a ^ x ) = or(ci) 

and 

ai?(ci)6L(a/ ? (c2))~ 1 6L(a jR (c 2 )62)&L(a J R(a/?(c2)^2)) = a R (c 1 )b b L (aob 2 )b L (a R (a R (c 2 )b 2 )) = 
= a R {ci)b L (boaob 2 )b L (a R {boaQb 2 )) = a R (ci)b L (b L (boaob 2 )a R (b a b 2 )) = 
= a R {ci)b L (c 2 b 2 )) = a R (ci)bi 

■ 

Everything above was purely algebraic. Now we add some differential conditions, that enable us to 
use T to twist the comultiplication on G*(Ga)- 

The following are standing assumptions for the rest of this section 

Assumptions 3.3. (1) G is a Lie group and A,B,C are closed Lie subgroups such that 
A n B = {e} = G n B , AB = G. 

(2) The set Y := BC fl CB is open and dense in G. 

(3) Let U := a L 1 {A') and A(U) be the linear space of elements from A{Ga) supported in U. We 
assume that A(U) is dense in G*(Ga)- 

(4) For a compact set Kb C B, open V C A and (a\,a 2 ) £ Ax A' let us define a set Z(ai,a 2 , Kb] V) := 
Kb fl {b € B : a R (a±b)a 2 £ V} and a function: 

A x A' 3 (01, a 2 ) i->- fj,(ai, a 2 , K B ; V) := / dib. 

J Z(ai,a 2 ,K B ;V) 

For compact sets K\ C A and K 2 C A' let fi(K\, K 2 , K R ;V) := sup{/i(ai, a 2 , Kb) V) : a± € 
ifi , a 2 G -^2} assume that 

(17) Ve > Oay-aneighbourhoodof A\ A'inA : fi(K u K 2 , K B ;V) < e 
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These technical assumptions are sufficient to prove all we need and are satisfied in examples we are 
intersted in ( probably they can be weakened and some of them imply others). The strategy is to interpret 
all in C*(Ga) where there is a well defined comultiplication. The first simple result is: 

Lemma 3.4. C*{T C ) = C;{G A ) 

Proof: Let U and A(U) be as in assumptions 13.31 Then J := A(U) is a right ideal in A{Ga)- Then J* 
is a left ideal which is also dense in C*{Ga)- The subalgebra J J* is contained in A(T). Every positive 
element in C*(Ga) can be approximated by elements from JJ*, so the same is true for every element in 
C*(G A ). 

m 

It is straightforward to check that assumptions 13.31 guarantee that all sets appearing in prop 13.11 are 
submanifolds and the corresponding mappings are diffeomorphisms. Since T is a bisection over the open 
set A x A' it defines (by a push-forward) mapping of A(G A x U) which will be denoted again by T. The 
prop I3.ll suggests that it can be used to twist the comultiplication Ao on C*(G A )- This is the content of 
the next proposition. 

Proposition 3.5. a) The mapping T : A(Ga X U) — > A(Ga x U) extends to a unitary T G M(C*(Ga) ® 
C*(Ga)) which satisfies: 

(T ® I)(A ®id)f = (I ®f)(id® A )T 
b) Because of a), the formula A (a) := TAq(o)T defines a coassociative morphism. For this morphism: 

cls{A(a)(I ®b),a,be C* r (G A )} = cls{A(a)(b ®I),a,be C;{G A )} = C;{G A ) ® C* r {G A ) 
("els" stands for "closed linear span"). 

The rest of this section is dedicated to the proof of this proposition. 
Proof of the statement a): 

Mappings T, T±,T2, T\2,T2^,Ti2T\ = T23T2 are originally defined on linear subspaces of A(Ga X G A ) and 
A{G A x Ga x Ga)- So the first task is to extend them to multipliers. To this end we will use the following 
simple lemma: 

Lemma 3.6. Let A be a C* -algebra and Vx,V2 be dense linear subspaces of A. Suppose that a linear 
bisection T : V% — > V2 satisfies w|(Tcji) = (T -1 ^)*^! for any 002 € V2, 0J\ £ V\. Then T extends to a 
unitary multiplier of A. m 

We need also the lemma which is a straightforward generalization of the similar fact for a bisection 
which was proven in [7]. 

Lemma 3.7. Let T be a differential groupoid and C C T be a submanifold such that ei\c '■ C — > C\ 
and en\c '■ C — > C r are diffeomorphisms onto open sets C r ,Ci C E. Then for oj\ € A{e~ L 1 {C r )) , 0J2 € 
A(eJ j 1 (Ci)) we have: u^Cui) = (s(C)(J2)*cji and (Cu\)* '(Gui) = u)*oji. m 

Using the lemma we obtain equalities: 

ut(Tux) = (T- 1 ^)*^! , ui,U2 G A(G A x U) , 
w^Tiwi) = (Tf ^2)^1 , wi,W2 G A(G A xG A xU), 
W2(T 2 o;i) = (T 2 " 1 o;2)*wi , G A(U 2 ) , 

^2(^23^1) = (T^ 1 ^)*^ , lji,u)2 G A(G A xG a xU), 

UJ* 2 {T l2 Ui) = (r i ^ 1 W2)*Wl ; Ul,U2 G A(G A xU xG a ), 
where U 2 := Ga x (a L x ol)" 1 ((5o(-4 / )) 



ON THE QUANTUM 'AX+B' GROUP 



9 



Now, by assumptions 13.31 (3) it is clear that A(Ga x U) , A(Ga x Ga x U) and A(Ga xPx Ga) are 
dense in C*(Ga) ® C*(Ga) and C*(Ga)®C*(Ga)®C*(Ga) respectively, so we have multipliers T, Ti, 
Ti 2 and T 23 . 

To extend T 2 we need density of A(U 2 ) i.e density of A((cll x a^) _1 ((5o(^l / ))- By the results of [6], 
the set 5q{A{G a))A{G a x Ga) is linearly dense in G*(Ga) ® G*(Ga), since .A(i7) is dense, the same 
is true for the set Sq(A(U))A(Ga x Ga), using formula (|33"]) one checks that this set is contained in 
A((cll x aL)^ 1 (5o(A')). Therefore T 2 extends to unitary multiplier. 

Now, we know that multipliers T\ 2 T\ and T23T2 restricted to the linear space A(Ga* {cll^oll} 1 {^o{A)r\ 
(A x A'))) are equal and defines bijection to A(Ga x U x U) Since the last set is dense in C*(Ga) <8> 
C*(Ga) <8> C*{Ga) they must be equal. 

Now we have multipliers T, Ti, T 2 , T\2 and T23 together with the equation T12T1 = T23T2. So to prove 
the statement a) of the proposition, it remains to show equalities: 

f\ 2 = (f® I), fi= (A <g>id)f, 2^ = (I® 7), % = (id<g>A )f. 

For T 2 3 and (J<8>T) this is straightforward, since both multipliers agree on a dense set A(Ga)®A(Ga x f7). 
The same arguments work for T\ 2 and (T®I) because they agree on a dense set A(Ga X J7) ®«4.(Ga)- For 
two other equalities we will use two lemmas that will be proven in the end of the proof of the statement 
a) of the proposition. 

Lemma 3.8. Let ri,r 2 ,Ai,A 2 be differential groupoids, and h\ : T\ — >Ai, /i 2 : T 2 — >A 2 be mor- 
phisms. Assume that the mappings /ii,/i 2 extends to morphisms 4>\,4>2 of corresponding reduced C*- 
algebras. Then ((f>i ® (f) 2 )(u}) = (h\ x h 2 )(ui) for oj G A(T\ x T 2 ) 

Lemma 3.9. For uj\ G A(Ga x [/) and a; 2 G »4(Ga x x Ga)-' 

Ti[(<5o x id)^)^] = (5 x id)(T^i)w 2 , 

T 2 [(id x 8q)(lji)u} 2 ] = (id x S )(Tlji)u} 2 . 

Now, the multiplier (id <g> Ao)T is defined by 

[(id® Ao)f]((id® A )(o)6) := (id® A Q )(fa)b, a G G t *(Ga x G A ),o G G t *(Ga x G A x Ga). 

In fact, it is enaugh to take a = uj\ G *4(Ga x J7) and b = w 2 G «4.(Ga x x Ga). Let us compute: 

[(id ® A )f]((id ® A )(wi)cj 2 ) = (id ® A )(T = 

= (idx^))(rc«;i)w2 = r 2 [(idx^ ) )(w 1 )w2] = T 2 [(id ® A )(wi)u; 2 ] 
Therefore (id ® Aq)T = T 2 . In the same way the second equality can be proven. So to complete the 
proof of the statement a) it remains to prove lemmas 13.81 13.91 
Proof of lemmas: 

Lemma \3.8l It is known [6], that for oj G -4(ri x T 2 ) the mapping (h\ x h 2 )(u) defines a multiplier 
of C*(Ai x A 2 ) = G*(Ai) ® G*(A 2 ). Let 7Ti 2 denotes the representation defined by hi x h 2 on H := 
L 2 (Ai x A 2 ). For J G A(A X x A 2 ) we have: 

\\(hi x h 2 )(w)u)'\\c* = \\^n(^)^id(^')\\B{H) < IKi2(w)||b(h) = II^HUb^) ||w'||c* 

Therefore we have the estimate: 

1 1 (Til x h 2 )(uj)\\ M {c*) < ||ti2(w)||b(h) < IMIo 

Now take a sequence u) n G A(Ti)®A(T2) that converges to to in a norm || • | |o, so also in a G*(ri)(g>G*(r 2 ). 
So (/ii x /t 2 )(o; n ) converges to (h\ x h 2 )(oj) in M(C*(A{) ® G*(A 2 )). On the other hand (/ii x /t 2 )(o; n ) = 
(01 (g) 2 )(w„) so it converges to (c/>i (8) 2 )(u;). 
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Lemma Iff. 51 To prove those formulae we need the explicit form of the action of T, T\ and T 2 . Let us 
start with T. Writing uj =: Fojq for F € T>(G a x U) we define: T(Fujq) =: (TF)ujq. As for any bisection 
TF is given by [7] : 

Oo®Po)(^i®w£ 2 ) 

(TF){T(g 1 ,g 2 )) = F(g 1 ,g 2 )- — - — rr , v,w G A T e 5 

(po ^PojiTivgt ®wg 2 )) 

Let (31,52) = (0161,0262) and T(gi,g 2 ) ='■ (51,(72)- Using the definition of T we obtain, for a curve 
6 (i) C 5 with 6 (0) = e, T(b (t)gi,g 2 ) = (b 3 (t)cn, g 2 ), where 

h(t) = b L s A (a 1 b L (a 2 ))a L (a 1 b (t)a 1 )s A (aib L (a 2 )) b L (a 1 b L (a 2 )) b (t)b L (aib L (a 2 )), 
and T(gi,b (t)g 2 ) = {b A {t)g 1 ,b (t)g 2 ). 

Identifying tangent spaces to right fibers with T e B in corresponding points, one sees that the map we have 

to consider has the form ( ^ 1 ^ 2 \ , so its action on densities is determined by Mi i.e. (derivative 

of) bo(t) 1 y b 3 (t) and this is given by: 

Mi :T e B3b^ -P B • Ad(s A (ai& L (a 2 ))) ' *U • Moi)^ + Ad(6 L (a 1 & L (a 2 )))- 1 6 

Straightforward computation gives: Mi = Ad(b L (aib L (a 2 )))" 1 \b. Finally using the definition of po and 
modular functions (1401) we obtain 



(18) (TF)( gi ,g 2 ) = F(T- 1 (g 1 ,g 2 ))j B (b L (a L (g 2 ))) 1 2, 

{T- l F)( 9l ,g 2 ) = F(T( gi ,g 2 ))j B (b L (a L (g 2 )))--2 

T 2 defines a map, again denoted by the same letter, of A(G A x {o-l x a L) 1 {^o{A'))). in the same way 
as for T we have to compute the action of T 2 on po ® Po ® Po- So let (51,52,53) =: (0161,0262,0363) be 
in the domain of T 2 and T 2 (gi,g 2 ,g 3 ) = {s A (aib L {a 2 a 3 ))bi,g 2 ,g 3 ) =: (51,52,53)- For a curve 6 (i) C B 
with 6 (0) = e, we obtain: T 2 (b (t)gi, g 2 , g 3 ) = (61(^51,52,53) and 

&i(t) = 6.R 6L(ai6 L (a2a3))~ 1 ai6 jR (a ] ; 1 6o(t)ai)a 1 ; 1 6 L (ai6L(a2a3)) 

Reasoning in the same way as for T, the action on densities is determined by the map: 

T e B3b^P B - Ad(s A ( ai b L (a 2 a 3 ))) ■ P B ■ Ad{ ai )- l b 



Using the definition of modular functions (|40p one gets that the absolute value of the determinanant of 
this map is equal to: Ja( a fl( aib j-( a2a 3))) _ j n wa y we get: 

(19) (T 2 F)(g u g 2 ,g 3 ) = F(T^ 1 (g 1 ,g 2 ,g 3 ))j B (b L (a 2 a 3 ))^ 

( T 2 lF )(gii92,g3) = F(T 2 (g 1: g 2 , g 3 ))j B (b L (a 2 a 3 ))~* 

Finally, similar computations as for T 2 give for T\: 

(20) (TiFXai&i, 02620363) = F(rf 1 (ai6i,a262a 3 63))jB(6L(a3))^B(6L(a26L(a3)" 1 ))"^ 

(Tf 1 F)(ai6i, a 2 b 2 a 3 b 3 ) = F(T 1 (a 1 bi,a 2 b 2 a 3 b 3 ))j B (b L (a 3 )y^j B (b L (a 2 b L (a 3 )))^ 

Now we can prove formulae in the lemma. Let us compute the left hand side of the first equality: 

T 1 [(6^id)(F 1 )F 2 ](a 1 b 1 , a 2 b 2 , a 3 b 3 ) = 

= [((^TTd)(Fi)F 2 ] ( S A(ai6 L (a 2 6 L (a3)~ 1 ))6i, SA (a 2 6 L (a 3 )- 1 )6 2 ,a36 3 ) ^{b L {a 3 )y _ = 

v 7 js(6L(a 2 6 L (a 3 )- 1 ))2 



js(6L(a 3 ))2 



jB(6L(026L(a 3 )- 1 ))2 JBxB 



dib'dib"j B (b L (a R (a 2 b L (a 3 ) r )b')) 2 Fi(a jR (aia 2 6 L (a 3 ) l )b',a 3 b")x 



ON THE QUANTUM 'AX+B' GROUP 11 

xF 2 (6L(aia26L(a 3 )60 _1 ai^i,a/?(a2feL(a3) _1 ^)^ 1 ^L( a 3)&2,&L(a3f ,// ) _la 3&3 
= jB(b L (a 3 ))^ [ d / 6 , ^6"jB(6 L (a 2 6 L (a3)- 1 6 / )) _ ^i(ai?(aia 2 6 L (a3)- 1 )6 / ,a 3 6")x 

J BxB 

xF 2 (b L (a 1 a 2 b L (a 3 )b'y 1 a 1 b 1 ,a R (a 2 b L (a 3 )~ 1 b')b'~^ L (a 3 )b2, b L (a 3 b"y l a 3 b 3 
The first equality uses formula ()20p for Ti , the second one the formula © and the third one the equality: 

jB(bL(a 2 b L (a 3 y 1 ))jB(bL(aR(a 2 b L (a 3 y 1 )b')) = ^(b^e^Maa) -1 ^)) 
And the right hand side: 

[(6^<id)(TF 1 )F 2 ](a 1 b 1 ,a2b2,a 3 b 3 ) = 

BxB 

= [ (ii6 / (i/6 ,/ i B (6 L (a 2 6 / )) _ ^B(^(«3))^i(ai ? (aia 2 6 L (a3)- 1 )6L(«3)& , ,a3^)x 

J BxB 

xF 2 (b L (aia 2 b'y 1 a 1 b 1 ,a R (a 2 b')b'~ 1 b 2 , M a 3&") _la 3&3) 

After the change of variables (b',b") H> (61,(03)6', 6") in the last integral, we get the equality. 
To prove the second formula we compute using formulae (|19p for T 2 and (J7J): 

T 2 [{(d75 ){Fi)F 2 ]{a 1 b 1 ,a 2 b 2 ,a 3 b 3 ) = 

= jB(b L (a 2 a 3 ))^[(id x £o)(^l)^2](sA(ai&L(a 2 a3) -1 )&i, a 2 6 2 , a 3 b 3 ) = 

= 3B{b L {a 2 a 3 ))^ j dib'dib" jB(b L (a 3 b''))~^Fi(a R (aib L (a2a 3 )~ 1 )b\a 2 a 3 b")x 

J BxB 

xF 2 ^6L(ai ? (ai6L(a 2 a3)~ 1 )6 / ) _1 a/ ? (aio L (a 2 a3) _1 )6L(a 2 a3)6i,6 L (a 2 a 3 6 // ) _1 a 2 6 2 ,ai ? (a36 // )6 //_1 63 
The first argument of F 2 reads: 

bL(a R (a 1 b L (a 2 a 3 y 1 )b'y 1 a R (aib L (a 2 a 3 y 1 )b L (a 2 a 3 )bi = 
= b L (a R (a 1 b L (a 2 a 3 y 1 )b'y 1 a R (aib L (a 2 a 3 y 1 )b L (a 2 a 3 )bi = 
= b L (a R {a 1 b L {a2a 3 )~ 1 )b')~ 1 bL{aib L {a2a 3 )'' 1 )aib\ = b L (a 1 b L (a2a 3 y 1 b'y 1 aib 1 
Now, the right hand side: 

l(id^5 )(TF 1 )F 2 ](a 1 b 1 ,a 2 b 2 ,a 3 b 3 )= [ d t b' 'dtf' j B (b L (a 3 b"))-% x 

J BxB 

— 1„ u u {„ „ ull\— 1„ l „ /„ li.//— li 



:(TF 1 )(a 1 6 / ,a 2 a 3 6")i ? 2(6L(ai6')~ 1 ai&i,^(«2a36") _1 «262,a i? (a36 ,/ )" 1 ^ 1 6 3 ) = 

dfi'dfi" j B (b L (a 3 b"))-^ j B (b L {a 2 a 3 ))^ x 

xFi^ai^L^as^^ai^a^s^i^ 
Now, after the change the variables in this integral (b',b") \-t (bL(a 2 a 3 )b' , b") we get the equality. 

■ 

In this way the proof of the statement a) of the prop. 13.51 is completed. 

Now we pass to statement b) i.e. density conditions for A. Since A(a)(/<g>6) = TAo(a)T (/<S>6) and T 
is a unitary multiplier, it is enaugh to prove that Ao(a)T (/<£>&) is linearly dense in C*(Ga) ®C*{Ga)', 
the same is true for Ao (a)T (b <S> I)- As in [6] we give explicit formulae for Ao (a)T (/ <g> b) and 
Ao(a)T (b®I) for o, b G »4(Ga) supported in some subsets. Then, by continuouity we obtain inclusions 
A (a)T~\l <g> b) C C r *(GU) (8) C*(GU) and A (a)f "V ® I) C C r *(GU) ® C?(GU) for all a, 6 G C;(G A ). 
Finally we prove density conditions. 
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To get the formula, using change of variables, we write (So(fi)T~ 1 (f3® f 2 * f^)) as K±(fi, / 2 ) * (/3 (81/4) 
for some function l£i(/i,/ 2 ) € V(Ga x Ga) at least for fi, f 2 , f3, f4 in some large enaugh subspace of 
functions. Let us define sets and mappings: 

(21) £>($i) := {(0161, 0362) : aj^&i) G A'} = {(ai&i, a 2 6 2 ) : a'% G 5C} 

(22) £>(*!) := {(01,03) : a L ( 52 ) G A'} = G A x a" 1 ^') 

(23) $1 : D(*i) 9 (0161, a 2 b 2 ) ^ (aia 2 6 , Ofl(a 2 & )&o ^ , 6 := b L {cq x bi) 

(24) *x : D(*i) 9 (0161,0262) (a 1 a R (a 2 b^ 1 )- 1 b , M^ft^ 1 )^) , &o := b L {s A (a 2 b^ 1 )) 

(25) £>($ 2 ) := {(ai&i, a 2 6 2 ) : 010262, 0262 G BC} 

(26) D(* 2 ) := {(0161,0262) : «i^i,«2 G 5C} = a^(A') x a^A') C D(*i) 

(27) $ 2 : L>($ 2 ) 3 (ai&i,a2&2) ^ (aia 2 6 2 , a/?(ai6 )6 x 6i) , 6 := b L (a 2 b 2 ) 



* 2 : D(* 2 ) 3 (ai6i,a 2 6 2 ) (->■ (6 6~ 1 a 2 6 2 , a L 1 (6 6 1 a 2 )ai6i), 6 := 6 L (ai6i), 6 := 6 L (a 2 ) 

Lemma 3.10. Sets D($i), D(*i), D($ 2 ), £)(^ 2 ) are open. $1 is a diffeomorphism of D{<&{) and D(*i) 
and ^1 = c&j" 1 . <l> 2 is a diffeomorphism of D(<& 2 ) and D(* 2 ) and ^ 2 = $2 X - 

Proof: Short inspection of definitions shows that really these sets are open and mappings are smooth. 
So it is sufficient to prove that $1, ^1 and $ 2 , ty 2 are pairs of mutually inverse mappings. The proof will 
be given for the first pair, for the second one it is simmilar. 

1) The inclusion $i(D($i)) C £>(*i). Let (ai&i,a 2 6 2 ) G £>($i) , a J 1 61 =: 6 c . 

$1(0161, a 2 6 2 ) = (aia 2 6o,ai?(a26o)6 1 6 2 ) =: (5i&i,5 2 6 2 ). 
And we have: SA{a 2 b^[ l ) = sa (or(o2 bo )^o X ) = °2^o = ^i c o 1 £ BC. 

2) The inclusion *i(L>(*i)) C £>($i). Let (ai&i,a 2 6 2 ) G D($i) , s j4 (a 2 6f 1 ) = a R (a 2 b^ 1 )bi =: 6 c . 

*i(ai6i,a 2 6 2 ) = (aiai?(a 2 6 ] ; 1 ) _1 6o, a i? (a 2 6 ] ; 1 )6i6 2 ) =: (5i6i,5 2 6 2 ). 

So a 2 : 6i = a R {a 2 b^ l y l b = 6ic 1 G BC 

3) Composition ^i$i: 

*i$i(ai6i,a 2 6 2 ) = ^i(aia 2 6 , a jR (a 2 6 )6 ' x 6 2 ) = 
= *i (5161,0262) = (5ia R (a 2 6 ] ; 1 ) _1 6o,a j R(a 2 6 1 ; 1 )6i6 2 ) , where s A (a 2 6j~ x ) =: 6 c . 
But sa(5 2 67/ 1 ) = s A (a^(a 2 60 )6q 1 ) = a 2 6o i.e. 60 = 61, so we have: 

5ia fl (5 2 67; 1 ) _1 6o = aia 2 a R (ai J (a 2 6 )6o 1 ) _1 6 i = ai&i 

a J R(a 2 6j" 1 )6i6 2 = a 2 6 6o x 6 2 = a 2 6 2 

4) Composition $1^1: 

$i*i(ai6i,a 2 6 2 ) = $i(a 1 a R (a2bi 1 )~ 1 b , a R (a 2 b^ 1 )&i& 2 ) = 
= $i(5i6i,a 2 6 2 ) = (aia 2 6o,ai?(526o)6o 1 6 2 ), 
where SA{a 2 b~^ 1 ) =: 60C0 and a^bi =: b^CQ. But as shown in point 2) 60 = 61, so 

5ia 2 6 = aia R (a 2 b± l y l a R (a 2 b± l )b 1 = ai&i 

ai?(a 2 6 )6o x 6 2 = a/j(a R (a 2 67; 1 )6i)6f x 6i& 2 = a 2 6 2 
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By the lemma $J : V{D(^ 1 )) ->■ V{D(<b x )) and % : X>(D(* 2 )) -> ^(^($2)) are isomorphisms of 
vector spaces. 

Lemma 3.11. There exists smooth, positive function k\ : D{Q\) — > R such that 

(k^Ufi ® /2)) * (/s ® A) = SoiftT-Hfa ® / 2 * /*) 
/or /i,/ 3 ,/ 4 € P(G A ),/ 2 G P(a^(^'))- 

There exists smooth, positive function k 2 : Z)(<]?2) - >• R such that 

(*2*2(/l ® /2)) * (/3 ® A) = 6 (fl)T-Hf2 * h ® /t) 

/or / 3 G V(G A ),f 2 ,h G P(a i 1 (^')),/i G 

Since in both cases the set of possible / 3 (8) /4 is linearly dense in C*(Gx) ® C*(Ga), the lemma means 
that 

fcl*l(/l ® / 2 ) = SoWT-^I ® / 2 ) , /1, G 2?(G A ), / 2 G Pfo 1 ^')) 
fc2^(/i®/2) = 5o(/i)T- 1 (/ 2 ®/), h eV{a- R \A')),h eVia^iA')) 
and by density of subspaces V(G A ), V{al l (A')), V(cl£(A')) in C*(G A ) we obtain 

a(c;(g a ))(i ® c*{g a )), a(c;(g a ))(c;(g a ) ® i) c c;(gu) c;(gu). 

Proof of the lemma: Let /i, /2, / 3 , /4 be as stated. Let us compute: 

[fci*K/i®/2)]*(/3®/4)(ai&i,a 2 & 2 ) = / d l bd l bk l (a 1 b,a 2 b)x 

JBxB 

x m(fi ® / 2 )](ai6,a 2 6)/ 3 (6 i 1 (a 1 6)ai6i)/ 4 (6Z 1 («26)a202) 
Since $|(/i® / 2 ) G the integral over 6 can be restricted to the set B a -i := {b : a R (a 2 1 b) G A'}. 

Now, the map B a -i x B B (b, b) ■-> (&' := ^(a^ 1 o), 6) e B a2 x B is a diffeomorphism, as well as the map 
B a . 2 x B 3 (b',b) H- (6', 6" := o'^o) G 5 a2 x B. Their composition 

B a -i xB3 (6,6) i— ► (6' = b^a^b)^" = ^{a^b^b) e B a2 x B 

has the inverse: 

A a2 :B a2 xB3 (&', 6") H- (6 = 6 L (a 2 6'), 6 = Z/&") G B a -i x 5 
Using this change of variables we write the integral as: 

/ dib'dib" | det A' a2 1 ki {aJ> L (a 2 b') , a 2 6'6") x 

(28) xfiia^b') f 2 (a R (a 2 b')b") / 3 (6 L 1 (a 1 6 L (a 2 6')«iOi) A^M'&'Oa^), 

moreover | det A^ 2 1 is a smooth function of a 2 . 

On the other hand, using (fl"8|) and (|33"j) we compute: 

(Uh)T-\h ® / 2 * / 4 ))(aifei,a 2 6 2 ) = 
= / d z fe / i B (6 i (a 2 60)" 1/ Vi(ai«2&0[r-H/3®/2/4)](&L(aia 2 fe / )~ 1 ai&i,ai?(a2& , )fc" 1 62) = 

= / ^6 , jB(6 L (a 2 6'))" 1/2 ii?(^(a/?(a 2 6 , )))- 1/2 /i(aia26 , )x 

x/ 3 (o L (ai6 L (a 2 6')^(a/?(«26'))) _1 «iOi) (/2 * AX^M')^ -1 ^) 
Using assumption about / 2 we can restrict domain of integration to the set B a2 , and using formula for 
multiplication ([7]) we expand the integral as: 

= f d t b' dib" j B {bL{a 2 b'))- l / 2 j B {b L {a R {a 2 b')))- l l 2 h{ ai a 2 b') f 2 {a R {a 2 b')b")x 

JB ao xB 
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^MbL(aib L (a 2 b')b L (a R (a 2 b')))- 1 a l b 1 )f A (b L (a 2 b%'T 1 a 2 b 2 ) 
but bL{a 2 b')b L (an(a 2 b')) = b L (a 2 b') so we get: 

dib 1 dib" j B (b L {a 2 b'))- l l 2 fi(a ia2 b')f 2 (a R (a 2 b')b")x 



x/ 3 (&L(ai6 L (a 2 6 / ))" 1 «i&i)/4(&L(a 2 6 , 6")- 1 a 2 6 2 ) 

Comparison of this expresion with ([3]) gives the function k± that appears in the lemma. 

Now we pass to the second statement of the lemma l3.11l For fx, f 2 , fy, as in the lemma let's compute: 



[fc2$2(/i®/2)]*(/3®/4)(ai&i,a 2 & 2 ) = / d z 6d z 6/c 2 (ai6,a 2 6)x 

JBxB 

x m(h ® h)](aib, a 2 b) / 3 (6 L 1 (a 1 6)a 1 6 1 ) f^ 1 (a 2 b)a 2 b 2 ) 

Since $ 2 (/i <8> / 2 ) £ P(-D( < I ) 2 )) the integral over b can be restricted to the set B a2 , and using formula (|27|) 
we obtain: 



/ dibdibk 2 (aib,a 2 b) fi(aia 2 b)x 

JBxB a „ 



'BxBa 2 

x f2{a R {aib L (a 2 b))b L 1 {a 2 b)b) faQ)^ (aifyaibx) Ufa 1 (a 2 b)a 2 b 2 ) 

The mapping 

B x B a2 3 (b, b) ^ (&' := S^ 1 (026)6, 6" :=b) GBx B a2 
is a diffeomorphism with the inverse: 

A ar Bx B a2 3 (b', b") ^ (b := b L (a 2 b")b', b := b") £ B x B a , 2 

Therefore our integral is equal to: 

dfi' dib" I det A' a2 \ k 2 { ai b L {a 2 b")b' , a 2 b") fi(a ia2 b") x 

(29) x f 2 (a R ( ai b L (a 2 b"))b') / 3 (6 L 1 (a 1 6 L (a 2 6 / ')6')«i6i) Ufa 1 (a 2 b")a 2 b 2 ), 

and again | det A' a2 \ is a smooth function of a 2 . 

On the other hand using (|18p and ()43p we compute: 

fa{h)T-\h * h ® /*)) (0161,0262) = 
^6"i B (6 L (a 2 6"))- 1/2 iB(6 L (a /? (a26 / ')))- 1/2 /i(«i« 2 6")x 

x(/ 2 */3)(6L(ai6L(a 2 6')6L(aij(a 2 6'))) _1 «i6i)/4(a R (a 2 6 , )6 / - 1 6 2 ). 

Again using the assumption about the support of f± and expanding the product f 2 * / 3 we can write this 
integral as: 

f ^6"di6'jB(6L(a26"))~^/i(«ia 2 6")/ 2 (a i? (a 1 6 L (a 2 6 /, ))6 / )x 

JB a2 xB 

x/ 3 (6L(a 1 6 L (a 2 6' / )6 / )- 1 a 1 6 1 )/ 4 (6 L (a 2 6 / r 1 a 2 6 2 ) 
Again comparison of this expresion with ([3]) gives the function k 2 that appears in the lemma. 

■ 

Finally, from the previous lemma and lemm aTTTl to prove density conditions it is sufficient to prove the 
following: 

Lemma 3.12. The linear spaces A(D($i)) and A(D(& 2 )) are dense in C*(Ga) ®C*(Ga)- 
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Proof: It is sufficient to show that a function F G T>(G a x Ga) can be approximated in norm || • ||o by 
functions supported in -D($i) and a function F G V(Ga x g^O^O) (bv 13.31 (3)) by functions supported 
in £>($ 2 ). 

Let us begin with D(#i). For an open V C A such that A \ A' C V let x be a smooth function on ^4 
satisfying conditions: x = 1 on some neighbourhood of A \ A'; < x < 1 an d supp(x) C V. Define: 

X(ai6i,a 2 6 2 ) := x(°-R( a 2 1& l)) 

Let F G x G A ) , supp(F) =: K F , then F = (F — F X ) + F X and (F - F X ) £ D(D(*i)) so we have 

to prove that, by choosing V, the C*-norm of -Fx can be made as small as we wish. It is sufficient to 
prove that for norms ||Kx||z an d ll-^xllr = ||(Fx)*||/- For the left norm we need to estimate (compare 
QUID ) the integral 

Il := J dibxdib 2 \Fx(aibx, a 2 b2)\ for (ai,a 2 ) G (a L x a L )(K F ). 
First we estimate this integral from above by sup \F\ f c , ai a \ dib±dib 2 , where 

C(a 1 ,a 2 ) := {(h,b 2 ) : (aib 1 ,a 2 b 2 ) G iff, o^o^fci) G sitpp(x)}; 
Now we have the chain of inclusions: 

(7(01,02) = {(61,62) : (aih,a 2 b 2 ) G K F } n {(61, 6 2 ) : a^a^i) G supp(x)} C 
C (6 fl x b R ){K F ) H({beB : a R (a^b) e supp(x)} x B) C 
C (K B x K B ) n({6eB: a^a^fe) e swpp(x)} x B) = 
= (K B n {6 G £ : a i? (a2 1 6) G supp(x)}) x Kb C ^(a^ 1 , e, K B ; V) x K B 

where K B C -B is a compact set such that (6r x b R )(K F ) C Kb x Kb; note that Kb depends only on F. 
In this way we get the estimate for (01,02) G (ai x cil)(K f ): 

//<sup|F|Q^ d,6^ / u(o 2 - 1 ,e,KB;F) 

and, if Ki is a compact subset of A such that (a^ x o,l)(K f ) C Ki x Ki, we obtain 

(30) ||Fx[|,<sup|F|Q^ dibjti{K^,{e},KB;V) 

Now the right norm of Fx i.e. the left norm of (Fx)* ■ The integral to estimate is: 

I r := J d l b l d l b 2 \(F X Y(a 1 b l ,a 2 b 2 )\ 



As above, first we estimate this integral by sup \F\ I dib\dib 2 , where 

J (7(01,02) 

C(ai,a 2 ) := {(61,62) : (ai6i,a 2 6 2 ) G supp(Fx)*}- 

Now, 

(0161,0262) G supp(Fx)* (s A (aih),s A (a 2 b 2 )) G supp(Fx) 

<==^ [(sA(aibi),s A (a 2 b 2 )) G K F A OB.(aB(a262)~ 1 6 ] ; 1 ) G supp(x)] 

Let us denote K F := (sa x sa)(K f ), so we have to estimate the integral / dib\dib 2 for (01,02) G 

J 0(01,02) 

(oi x ai)(K F ). Again there is an inclusion: 

6(01,02) C (Kb x Kb) n {(h,b 2 ) : a R (a R (a 2 b 2 )' 1 bx 1 ) G suppx}, 
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where Kb is a compact set such that (b R x b R )(Kp) C Kb x Kb- 
For fixed 62 G Kb define a := a R (a 2 b 2 ) and consider the set 

{b(£K B : ania^b' 1 ) G supp(x)} = {6 G A^ 1 : a ie (a _1 6) G supp(x)} -1 C Z(a, e, A^ 1 , F)" 1 

Since all the sets Z(a, e, Kg 1 ; V) are subsets of the fixed compact set Kg there exists a constant M(Kb) 
depending only on Kg, such that 

( dib<M{K B )l d l b = M(K B )fJ,(d,e,Kg 1 ;V) 

J Z(d,e,Kg 1 ;V)~ 1 J Z(&,e,Kg 1 ;V) 

But a = a R (a 2 b 2 ) belongs to a fixed compact set K2 = ci r (KaKb), where Ka is a compact set such that 
(ai x ap)Kp C Ka x Putting all together we get the estimate: 

(31) ||Fx||r ^suplFlM^H^Je},^ 1 ;!/) Qf_ d,6j 

This inequality together with (|30[) and the condition (4) of assumptions (|3.3p gives the density of 

Now we pass to D(<3?2)- Let x be as above and define x(°i&i) a 2&2) := x( a -R( a i a 2^2))- It is sufficient 
to approximate functions F G T>(Ga x a] i 1 (A')) and to this end we need an estimate for ||-Fxl|/ aR d 
||(Fx)*||;. Let Kp ■= supp(F) and (01,02) G (ol x ap)(Kp). As above we have inequality 



/dib\dib2,\Fx\ < sup \F\ \ dibidib 2 , where 

J C(ai ,ao) 



'C(ai,a 2 ) 

C(ai,a 2 ) := {(61,62) = (0161,0262) G A F , a R (a 1 a 2 b 2 ) G supp(x)} C 
C (A B x K B ) (~)(B x{beB : a R (aia 2 b) G supp(x)}) = 
= K B x (A B n {6 G 5 : a B {aia 2 b) G supp(x)}) = A B x Z(oia 2 , e, A B , V), 
where A^ C 5 is a compact such that (b R x b R )(Kp) C A# x A#; In this way we obtain the estimate: 

(32) \\F X \\i < sup \F\ ^ d,bj {e^l^-V), totere 

Ai = A^A^ for a compact A^ C A with (o^ x ap)(Kp) C A^ x A4. 
Finally we pass to (Fx)*- As above, we consider the set 

(7(01,02) := {(61,62) : (sa(oi6i),sa(o 2 6 2 )) G supp(Fx)} 

Let Ai? := (s^ x sa)(Kf) and Ab C B be a compact set such that (b R x b R )(Kp) C Kb x Ag. It is 
sufficient to consider (01,02) G (ap x ap)(Kp). 

C(ai,a 2 ) C (K B x A b ) n {(6 X , 6 2 ) : a i? (a R (ai6i)6 L (a 2 62)- 1 )a2 G V} 

Let us fix 61 G Kb, denote or(oi6i) =: a and consider the set 

5(01,02, 61) := K B n {6 G 5 : ob^l^) -1 ^ G F}. 

The map y> ffla : 6 1— )■ bi(a 2 b) is a diffeomorphism so 

{6 G B : o /? (o6 L (o 2 6)- 1 )o2 G = ^({6 G 5 : a R (56- 1 )a 2 G V}) 

and 

K B C]{beB : a R (o6 L (o26) _1 )o2 G = v?" 1 ^ a2 (A B ) n {6 G B : a R (db L (a 2 by 1 )a 2 G F} ' 
The sets ip a2 (K R ) = bp(a 2 Ks) are contained in a fixed compact set Kb C -B therefore 

p" 1 (v?a 2 (As) n {6 G £ : a/j(o6 L (026)^)02 G 7}) c ^ ({6 G #b : a^ai -1 )^ G F}) 

= ^- 1 (Z(a,a2,^ 1 ;F)- 1 ) 
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Since ip~^ = Va -1 anc ^ ° 2 * s contained in a fixed compact set depending only on Kp there exists a constant 
W(K F ) such that 

f dib < w{k F ) ( dib 

in this way, for fixed b\ we obtain that 

f d l b 2 <W{k F )M{H B )^{a,a 2 ,H^ l -V), 

J S(ai,a,2,bi) 

where M(Hb) is as before (f3"Tj) . Finally, since a = an(aibi) is contained in a compact set Ka depending 
only on Kp and a 2 is contained in a fixed compact K\ C A 1 we obtain the estimate 

\\(Fxr\\i<sn V \F\W(K F )M(H B )^K A ,k l ,H B 1 ;V) (^J_ d^ 

This estimate together with ([32]) and condition (4) of assumptions (|3.3j) proves the density of A(D(& 2 )). 

u 

This completes the proof of the statement b) of prop 13.51 



4. 'ax+b' again 

Now we apply results of the previous section to the 'ax+b' group. In this section we keep notation 
from section [5} G is the 'ax+b' group; 

B := {(&, 1) , b G R} , C := {(c - 1, c) , c G R*} , A := {(0, a) , a G M*} 

We have AnC = BflC = {e} and G = BC . We apologize the reader for changing roles of subgroup 
and present the short 'dictionary' from section [3] to 'ax+b' notation. 

section[3] ABC A' = AnBC ol,or bp,b B l>L,bR <5o = rn^ 
ax + b j B C A B' = BnCA bp,bji cl,cr cl,cr 5q = m^, m^. 

So our main object here is a groupoid Gb related to the double Lie group (G;B,C) together with 
coassociative morphism 5o = ttiq : Gb — >Gb x Gb- We identify G with B x C = R x M* by: 

1x1,3 0, c) ^ 0, l)(c - 1, c) = (z + c - 1, c) G G 

In this presentation the relevant objects are given by: 

c) = 0, 1) , c) = (-, 1) , c L (z, c) = c R (z, c) = (0, c) , £l(>, c) = (0, z + c) 

c 

m# = {(z,dc 2 ;z,ci, — ,c 2 )} , 5 = {(zi,c,z 2 ,c;zi + z 2 ,c)} , 5' = {(z, 1) : z + 1 ^ 0} 
ci 

T:={(*i,— |— ,z 2 ,l) :z 2 + l/0} 
mc := {(*i + z 2 + 2iz 2 ,c; zi, *T , * 2 ,z 2 ,c) : (1 + z\){l + z 2 )(z 2 + c)(zi + z 2 + 2^2 + c) / 0} 

1 + ^2 

We will also need explicit formulae for operations in A(Gb)- 

The choice of ujq. Let Ao(z, 1)(9 C ) := 1. This choice leads to the left invariant half density Aq, the 
corresponding right invariant half density pq and loq := Ao <S> Po- The formulae are: 

(33) AoO, c){cd c ) = p {z, c)(zd z + cd c ) = 1 
The multiplication and *-operation in A{Gb) are given by: 

(34) ih*h){z,c) := / plf 1 ( z ,c 1 )f 2 (zc^,cc^) , /*(z,c) := J{z^~c^). 

JR, l c l| 
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The choice ofipQ. We choose v®{z) := [cZ^I 1 / 2 and obtain ^o(z,c)(d z ,d c ) = -X, and the formula for the 
scalar product in T>(Gb) reads: 

dz dc- 



(/i,/ 2 ) 



r c 



-fi(z,c)f 2 {z,c) 



and the formula for x 



(ir«(/)V)(^c)= / p±f(z, Cl )4>(zc^,cci l ),feA(G B ), i>eV(G B ) 
Jr, \ c i\ 

Now we are going to verify assumptions 13.31 The first and the second one are obvious, so let's pass to 
the third one. We have to verify that A(bj}(B')) is dense in C*(Gb). Take f,ip € V(Gb) and compute: 

2 



dy dc 



nidi/Win, c)Y 



dy dc 



i 



Now we use Schwartz inequality for functions: b i— > /(y, 6) and b i-> ^(yfr , c6 

2 

< 



db 



^/(y,6)V(y6- 1 ,c6- 1 ; 



and get the estimate: 



\7r id (f)n 2 < / dy 



db 

w 



dcdb 



^(yb-^cb- 1 )] 2 



Note that for j/ / applying the change of variables (b, c) i— )■ (y& , cb 1 ) to the integral on the right we 
obtain: 



Therefore if suppip C {(z, c) : 2 ^ 0} we get: 

dydb 



dcdb 



M&, c)| : 



(35) 



k«(/Mr<IMI' 



l/(y,6)l' 



2 1 1 jr||2 
2 



Since the set of such i/j's is dense the estimate is valid for any -0 and we get ||/|| < \\j \ \%. 

For e > 0, let Xe '■ K ~ ^ [0, 1] be a smooth function that is 1 on some neighbourhood of and on the 
set {x G R : |x| > e}. Let / € T>(Gb) and for 20 7^ let f e (z,c) := Xe( z ~~ • z o)/(- z >c). Now the estimate 
given above implies f e -> in C r *(G B ) as e -> 0. But / = (/-/«) + / e and / - / e € P(6^ L 1 (M \ {<z })). 
This proves that statement (3) of f|3.3[) is true in our situation. 

Now we are going to verify the fourth condition in assumptions ()3.3p which in our situation takes form: 
Let i^c C C be compact, FcB open and (21, 22) € £> x f?'. Let 

Z(2!,2 2 ,iir c ;F) := -Kg H {c € C : bn(z\, c){z2, 1) 6 V}, 

and the function /j,(zi, Z2,Kc] V) be given by: 



BxB' 3 (zi, z 2 ) h-> /i(zi, 2 2 , ^c; V) := / 

JZt 



die. 



Let K\ a B and -K2 C 5' be compact and /J,(Ki, Ki,Kc] V) '■= sup{fj,(z±, 22, V) : z\ € ifi , 22 € -^2} 
Then 

(36) V e > 3 F - a neighbourhood of B\B' in B : ^(Jfi , K 2 , K c ; V) < e 

It is sufficient to check this condition for i^c* = := {c : m < |c| < ^} , m < 1. Using formula for 
b R we get b R (z 1 ,c)(z 2 , 1) = (§■ + 2 2 , 1) and 

Z(zi, 2 2 .if m ; F) = {c G E, : m < |c| < — , — + z 2 G U} , 1 + 22 / 0. 

m c 
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The left invariant measure on C is rr and we obtain: 

c 

f dc 1 f 

fi(z 1 ,z 2 ,K m ;V) := / -- < — / dc 

Jz( Zl ,z 2 ,K m ;V) \ c \ 171 JZ(z 1 ,z 2 ,K m ;V) 

We will look for V = V$ := {z G R : |#+ 1| < <5}. In this situation if (21, Z2, K m ; Vs) is given by c satisfying 
inequalities: 



1 

m < c < — 
m 



■2] 

— + z 2 + 1 

c 



< 5 , (1 + z 2 ^ 0) 



The second inequality is for <5 < |1 + z 2 \ equivalent to: 



—sgn(c)sgn(l + z 2 )zi —sgn(c)sgn(l + 2:2)21 

? — n i < c < m i ; 

5+\l + z 2 \ \l + z 2 \-5 

and we get for sgn(l + z 2 )z\ > 0: 

1 \z\\ \zx\ 
c < , m < c < — , - — r < c < 



m 5 + z 2 \ \1 + z 2 \ — 6 

and for sgn(l + ^2)^1 < 0: 

1 \z\\ \zx\ 
c > , m < c < — , : : < c < 



m <5 + 1 1 + z 2 [ 1 1 + z 2 1 — 6 

Therefore the integral f z r xi Z2 K dc is majorized by: 

\z±\ \zi\ 2S\zi\ 

\l + z 2 \-5 ~ 5 + \l + z 2 \ = \l + z 2 \ 2 -5 2 

and there is an estimate (for 5 < | 1 + z 2 | ) : 

2N 



(j,(zi,z 2 ,K m ;Vs) < 5 



m(\l + z 2 \ 2 - 8 2 ) 



It is sufficient to consider K x = K M := {z6i: \z\ < M} and K 2 = K M ■= {z G R : < |z + l| < M} 
for M > 1. For (zi, z 2 ) G ^Af x Km and 5 < we have: 

^1, z 2 , K m ; V 5 ) < 5 m(|i - _ ^ < * m(1/M2 _ 1/(4Af2)) = ^ 
So there is an estimate: 

fj,(KM,K M ,K m ;V s ) < 5— — 

6m 

and the fourth statement of assumptions (|3.3p is fulfilled. Therefore we have 



Proposition 4.1. Let G be the 'ax+b' group and A := {(0,a) : a G M*}, 1? := {(6,1) : b G M} ; 
C := {(c — l,c) : c G M*}. T/ie reduced C* algebra of a differential groupoid T = AC n ouer A is 
isomorphic to C*(Gb) - the reduced C* algebra of a differential groupoid related to a double Lie group 
(G;B,C). It is equipped with a comultiplication A = TAqT satysfying the density conditions, where 
T is a unitary multiplier and satisfies: 



(T <g> I)(A ® id)f = (1(g) T)(id <g> A )T 
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5. Generators and relations 

In this section we denote the groupoid Gb by T and identify it with the right transformtion groupoid 
1 x M t with the action (z, c) t-> z/c. The set of units will be denoted by E and the set {z : z + 1 ^ 0} 
by E' . For t G R let Bt := {(z, e ) : z € R} C T. Then £?t is a one parameter group of bisections of T, 
therefore it defines one parameter group Bt of unitaries on L 2 (T) which are multipliers of C*(T). Easy 
computations show that B t ipo = i/jq (where ipo was defined in section 2) so B^fifto) =: (B t f)ipo and 

(B t f)(z,c) = f(e- t z,e- t c),feV(T). 

The set J := {(z, —1) : z G R} is a bisection, J 2 = E, so it defines unitary, selfadjoint operator J 
which is a multiplier of C*(T). Again J-0o = ipo so 

(Jf)(z,c) :=f(-z,-c),f€V(T) 

Let F:S9zH>zgK and let the operator Y be defined by: 

(Yf)(z, c) := Y(z)f(z, c) = zf(z, c) , f G P(T) 

Then the closure of Y", which will be denoted by the same letter, is an unbounded, selfadjoint operator 
affiliated with C*(T). On T>(T) these operators satisfy commutation relations: 

JB t = B t J , JY + YJ = 0, e l B t Y = YB t 

Note that the last relation gives precise meaning to the relation [X,Y] = iY, for X- generator of Bt. 
Additionaly if Y = sgn{Y}\Y\ is a polar decomposition then . 

\Y\J = J\Y\ , e t B t \Y\ = \Y\B t 

Lemma 5.1. The group Bt is strictly continuous. Let X denote the generator of Bt, then X is affiliated 
with C;{T). On D(T) Xf = i(zd z + cd c )f and D(T) is a core for X. 

Proof: Since B t is a group of unitary multipliers, strict continuity is equivalent to continuity of the 
mapping R 3 t h-> B t f € A(T) in t = for any / G A(T). The mapping $ : R x T 9 (£,7) h-> ^(7) G T 
is continuous. Therefore if \t\ < <5 support of Btf is contained in a compact set <!>([— 5,(5] x supp f) and 
B t f converges to / uniformly as t goes to 0. So, by the lemma [Tj] also in C*(T). By the general result 
[8] X is affiliated to C*(T). To prove the second claim it is enaug h to show that \{B t f - f) converges 
to s{zd z + cd c )f uniformly, but since / is smooth this is clear. Finally, since T>(T) is ^-invariant, it is a 
core for X. m 

Proposition 5.2. C*(T) is generated by X ,Y , J . 

Proof: The proof is based on identification of C*(T) with crossed product Co(M) x a R*. This is 
known, but we need explicit form of the isomorphism so we present relevant formulae. Let a Lie group 
H acts from the right on a manifold X. Let a be the corresponding (left) action on C${X) ( i.e. 
{oihf){x) := f{xh)). Since on a Lie group the Haar measure is given by a left invariant density, we choose 
such a real half density A. Then we have f H f{h)di{h) = J H f\ 2 , / G T>(H). The modular function is 
given by 5(h) = \detAdh\~ 1 ■ These data define the *-algebra structure on T>(X x H) by: 

(F * G)(x, h) := [ X 2 (h')F(x, h')G(xh', h'^h) , (F*)(x, h) := 5(h)- 1 F{xh,h~ l ) 

JH 

The algebra C$(X) is represented faithfully on L 2 (X) by multiplication. The induced representation II 
of the *-algebra V(X x H) in L 2 (X x H) is given by: IL(F)(GS> ) =■ (tt(F)G)^ , G G V(X x H), and 

(U(F)G)(x,h) := [ \ 2 (k)F(xh-\k)G(x,k- l h), 
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where \I/q = Uq ® A for some real, nonvanishing half density vq on X. The reduced crossed product 
Co(X)x r<a H is the completion of the *-algebra T>(X x H) in the the norm coming from this representation. 
The canonical morphisms in G Mor(C*(H), Cq(X) x a H) and i A G Mor(Co(X), Cq(X) x a H) are given 
by (the extension of): 

(i H (g)F)(x,h) -^Fixg^^h), (i A (f)F)(x, h) := f(x)F(x, h) , f G V(X) 

On the other hand we have the transformation groupoid A := X x H, the *-algebra «4.(A) and the 
C*-algebra C*(A). Let us choose ojq := Ao <8> Po, where Ao is defined by Ao(x,e)(u) := X(e)(v) and let us 
define := z/ (8) po- With such a choice the formulae for operations in .4(A) and the representation tt^ 
are as follows: 

(/ * g)(x, h) := J X 2 (k)f(x, k)g(xk, k^h) , f*(x, h) := f(xh,h^), n id (f)(g^>) = (/ * g)V 

For h G H let Bh denotes the operator acting on -4,(A) defined by a bisection {(x,h) : x G X}. Now 
define <p : A{T) -> D(X x #) by (tp(fuo))(x, h) := 5{h)~ 1 ' 2 f(x, h) and let V : L 2 (X x H) ^ L 2 (X x F) 
be a unitary defined as a push-forward by a diffeomorphism (x,h) \— > {xh ,h). Using the definitions 
above ane proves: 

Lemma 5.3. The mapping (p is an isomorphism of *-algebras. For h G H , k G F)(X) and u G 4(A); 
iH{h)(p(uj) = ip(Bj l (uj)) and iA(k)(p(uj) = (p(kto) and VH(ip(u)))V* = 7r ic i(uj). m 

Therefore if extends to an isomorphism of C*(A) and Co(X) x r ^ a H. Since is abelian the reduced 
and universal crossed product coincide and we have C*(T) = Co(M) x a R*, where (a c f)(x) := f(x/c). 
By the universality of crossed product we have the following: 

Lemma 5.4. Let A be a C* -algebra, G -locally compact group and (A, G, a) be a dynamical system. 
Let B := Ax a G be the corresponding crossed product with canonical morphisms %a G Mor(A, B) and 
ic G Mor(C*(G), B). If A is generated by Xi,X2, ■ ■ ■ X^ and C*{G) by Y\, . . . , Y n , then B is generated 
byi A (Xi),...,i A (X k ), and i^Yx) , . . . , i G (Y n ) . m 

Now it is clear that C*(1U) is generated by the the generator of one parameter group M 9 t i— > e* G Re- 
acting on L 2 (IKU) and the unitary corresponding to element —1 G R*. Also Cb(R) is generated by the 
function R 3 x i— > x G R. Using two previous lemmas one gets the proof of the proposition. ■ 

In the remaining part of this section we express the twist T as a function of generators and compute 
the action of the comultiplication on generators. It turns out that it is given by formulae ([1]). 

For the morphism 5q defined in (|9|) we have : 

5 (B t ) = B t xB t , S Q (J) = J x J , 5 (Y) = I®Y + Y®I 

so 

A (X) =X®I + I®X, A ( J) = J®J, A {Y) = I®Y + Y®I 

The expressions for Aq(X) and Ao(l^) should be read in the following sense. Since X and Y are essentialy 
selfadjoint on T>(T) the sums are essentialy selfadjoint on ^(r) <g) T>(F) and their closures are to equal 
the left hand sides. 

For t G R let us define sets: 

(37) T t :={(z 1 ,\l + z 2 \- t ,z 2 A) : l + z 2 ^0}, , K := {( Zl , sgn{\ + z 2 ), z 2 , 1) : 1 + z 2 / 0}. 

Both of these sets are sections of the right and left projections over E X E', therefore they define (by the 
left multiplication) diffeomorphisms of T x U, where U := {(z, c) : z G E'}, and corresponding mappings 
of A(T x U), which will be denoted by Tt and K. Explicitely : 

T t (z 1 ,c 1 ,z 2 ,c 2 ) = (zi\l + Z2|*,Cl|l + z 2 \ t ,z 2 ,c 2 ), 
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K(z 1 ,c 1 ,z 2 ,c 2 ) = (zisgn(l + z 2 ),cisgn(l + z 2 ),z 2 ,c 2 ) 

and for f £ A(T x U): 

{T t f)(zi,d,z 2 ,c 2 ) = f(T- t (z 1 ,c 1 ,z 2 ,c 2 )), (Kf)(z 1 ,c 1 ,z 2 ,c 2 ) = f(K(z 1 ,c 1 ,z 2 ,c 2 )) 
The formulae above define also unitary operators 7~t and K on L 2 (T x T). 

Lemma 5.5. We have the equality of sets: TtT r = Tt+r , T\K = KT\ = T '. T/ie family Tt is a strictly 
continuous group of unitary multipliers of C*(T) (g> C*(T). Let Z be its generator, then on sA(T x U) 
Z = X ® log |y + J| and £>(T x U) is a core for Z. 

Proof: First statement is straighforward. Also the fact that Tt is a group of unitary multipliers is 
clear. So only strict continuity and a statement about Z require a proof. But this can be done exactly 
as in lemma I5TT1 ■ 

Recall that for a group G a bicharacter c is a map c : G x G — > S 1 with the properties c(g±,g 2 g 3 ) = 
c(gi,g 2 )c(gi,g 3 ) and c{gig 2 ,g 3 ) = c{gi, g 3 )c(g 2 , g 3 ). The function Ch : Z 2 x Z 2 defined by 

Ch ( e e \. = {~ 1 if £ i = £ 2 = -1 
" \ 1 otherwise 

is a bicharacter and the function \ '■ 0^ x Z2) X (M x Z 2 ) — > C 

xO, ei, y, e 2 ) := exp(ixy) C/i(ei, e 2 ) 

is a bicharacter. 

Let us define the unitary 

V := *(/ ® log \Y + J|, J ® S5n(y + J), X <g> J, J (8) I), 

i.e. V = exp(iA <g> log \Y + I|) C7i(I <8 sfi>n(y + 1), J ® I). 

Lemma 5.6. T = V 

Proof: By the previous lemma 7" = Tiif = exp(A (g> log |Y + I\)K so it remains to prove that 
K = Ch(I <S> sgn(Y + /), J <8> -0- If -A, -B are commuting operators with spectrum contained in {—1, 1} 
then easy computations show that Ch(A, B) = ^(J + A + B — AB). Applying this formula to operators 
A := / ® sgn(Y + 1) and B := J §t> I one obtains: 

C7»(J ® s£n(Y + J), J ® J) = -(I ® (J + s 5 n(J + Y)) + J ® (J - s 5 n(J + Y))) 

and checks that this is exactly K. m 
In this way we obtain formulae for comultiplication on generators: 

A(Y) = V(Y ®I + I®Y)V*, 
A(A) = V(X®I + I®X)V*, 
A(J) = V(J® J)V* 

On A(T x U) we have: 

A(x) = x ® (y + iy 1 + i®x, A(y) = /®y + y(g)/ + y®y 

and these are relations ([!]). 
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6. POISSON-LlE STRUCURE 

In this section we consider the family of groupoids r s ,s 6 1 over A defined in the section ([2]). We 
define A s (0, a)(db + sd a ) := 1. The corresponding left and right invariant half densities on T s are given 
by: 



X s (b,a)(d b + sd a ) = p s (b,a)(d b + s- 



-d a ) := ii + ^r 1 / 2 



l + sb 

We put uj s := X s <g> p s and identify .4(r s ) with T>(T S ) with multiplication and involution defined by 
(fu s )(guj s ) = : (/ * s g)uj s and (fu s )* =: (f* a )u s : 

a 



(/ * s g)(b,a) :-- 



f(c,a + s(c-b))g( b 



(38) 



|1 + sc 
dc 



1 + sc 1 + sc 

b — c 1 + sb. . 1 + sc, 
/(^— , a - sc— ) o(c, a- 



1 + sc 1 + sc 



1 + sc 



l + sb' 



and f* s (b,a) := fiji^y, jf^)- We will write f * g and /* instead of / * g and f*°. For M > 1 let 
-f^M := {(^) a ) ^ To : |b| < M , A < \a\ < M}, it is clear that any / G 2? (Fq) is supported in Km for 
sufficiently large M. The product * s is in fact defined for all /, g € D(Fo): 

Lemma 6.1. Let f,g £ 2? (Fo) /icwe supports in Km- Then for any s£l t/ie function f * s g defined 

< lal < 



6y is smooth and has the support in the a set {(b,a) € Tq : \b\ < M(2 + |s|M) 



' M{l+M 2 \s\) 



M(l + |s|M)}. In particular, for \s\ < 5 functions f * s g have supports contained in a fixed compact set. 
Proof: Let (b, a, s) € To x R. It is straightforward that the function 

RBb' ^ f(b',a + s(b' -b))g( b ~ ! '' 



l + sb r l + sb'' 

is smooth and has compact support contained in the set {&' G K : 1 + sb' ^ 0}, so smoothness follows. 
For (/ * s g)(b, a) ^ it is necessary that there exists b' such that 



|o'| <M, — < |a + s(6'-6)| <M, 



6-6' 



l + sb' 



<M i< 
M ~ 



l + s6' 



< M. 



If lal < 



Af(l+Af 2 |s|) 



then 



i<|.t*-i)l<|.|tl#-i|< i J il 



+ |s|M|l + so'| < 



< 



1 



+ |s|M 2 |a| < 



1 



M{l + M 2 \s\) 11 11 M(l + M 2 \s\) 
In a similar way, if \a\ > M(l + \s\M) then: 



+ \s\M' 



M(l + M 2 \s\) M 



1 + \s\M > 1 + |s||6'| > |1 + sb'\ > y > 1 + \s\M 
The estimates for [a| are proven. If \b\ > M(2 + \s\M) then 

M (2 + |s|M) < |6| < \b - b'\ + \b'\ < M\l + sb'\ + M < M(l + |s|M) + M = M(2 + |s|M). 



The choice u(a)(d a ) := A defines real, non vanishing half density ^ s := p s ® v on r s and short 
calculation gives: ^ s (b, a)(d , d a ) =: ^o(b, a)(d b , d a ) = A. This makes possible identification of all spaces 
L 2 (T S ) with L 2 (ro). The identity representation of T>(T S ) is then given by: ir s (f)(g^o) = (/ * s g)^o for 
f,g e £>(r s ). The norms on X>(r s ) defined by uj s will be denoted by \\f\\r,s, \\f\\o,s and ||/|| s is 

the norm of vr s (/). Finally let us define for f,g £ D(Fo): 

{/,o} := (a - * (bg) - (d a g) * (6/)]. 

In this formula (a — l)f and bf denote functions ((a — !)/)(&, a) := (a — !)/(&, a) and (bf)(b, a) := 6/(6, a). 
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Lemma 6.2. {•, •} is a Poisson bracket on V(Tq) and {/*,/|} = {/2>/i}*- 

Proof: The mappings / i-> (a — l)d a f and / i-» 6/ are commuting derivations of a commutative algebra 
(Z?(r ), *), moreover (a - 1)0 O (D = ((a - 1)0 O /)* and bf* = -(bf)* m 

It is clear that if / G £>(To), then there exists 5 > such that / <G £>(T S ) for all \s\ < S, e.g. if support 
of / is contained in a set Km, take any 5 < Let us define linear spaces 

D(Q S ) := {/ G P(r ) : |<5| < |s| => / G P(T 5 )}. 

This family of subspaces has properties: 

\r\ < \s\ D(Q S ) C D(Q r ) , D(Q S )* = D{Q S ) , [j D{Q S ) = V(T ) 

Let us define linear map Q s : T>(Tq) D D(Q s ) 3 f >->■ / G £>(r s ). With this definition we have 

Proposition 6.3. (1) Qo = id; 

(2) lim s ^o ||Q s (r) - Q S (/)* S IU = 0; 

(3) lim^o \\Qs(f) * s Q s (g) - Q s (f * g)\\s = 0; 

(4) lim s ^o \\ l s [Qs(f),Qs(g)} - Qs({f,g})\\ s = 0; 

(5) The function s >-» ||Q S (/)|| S continuous for s / and /ower semicontinuous at s = 0. 

Proof: First statement is evident. To prove statements (2)-(4) it is enaugh to prove that norms || • ||o )S 
converge to 0. In fact we claim that convergence of norms || • \ \i s is sufficient. In the following to simplify 
notation we write Q s (f)Qs{g) instead of Q s (f) * s Q s {g) and Q s (f)* instead of Q s {f)* s - Let us compute: 

HQ-CD* - Qs(f)\\r, s = WQsif*) - Qs(fT\\i,s = ||Q.((DT - Q.(Dlk< = WQsifiY - Q,(h)\\i,., 

where f\ := f*. So once we know that lim^o \\Qs(f*)* — Qs(f)\\i,s = for any / G V(Tq), the second 
statement is proven. 
In a similar way: 

\\Qs(f)Q s (g) - Qs(f * g)\\ r ,s = \\Q s (gYQ s (fY - Q,(f * g)*\\i,s 

Let fx := f* , gi := g*, then 

QsigTQsUT - Q,(f * gY = Qs{glYQs{flY - Q s {ft * g\Y = 

{QsialT ~ Qs(gi)) {Q,(f*Y - Q,(h)) + (Qs(glY - Qsbn)) Q,(h) + Q.igi) {QsUlY - Q>{h)) + 
+ (Q,(gi * h) - Qs((gi * hYY) + Q»{gi)Q.{h) - Qs{gi * h) 

And once more: 

\\[Qs(f),Qs(g)}-sQ s ({f,g})\\ r ,s = \\[Q s (f),Q s (g)Y - sQ s ({f,g}Y\\i, s 
[Qs(f),Qs(g)]* - sQ s ({f,g}Y = Q,(gYQs(fY ~ QsUTQM* - sQ s ({f,g}Y = 
= QsiglYQsifZY -Q s (KYQs(glY -sQs({fZ,gl}Y = [Qs{9*iY,Qs(ftY]-sQs({gi,hVY = 
= [Q 9 (9iY ~ Qsbn), QsiflY - Qs(h)} + {QsteiY - Qs{gi))Q s {h) + [Q,i9i),Q.{flY - Qs(h)}+ 
-s(Qs({gi, hYY - Q s ({giJi})) + ([Q s (gi),Q s (h)} - sQ s ({ 9l , h})) 

Using the equalities above one can see that to prove statements 2-4 of the proposition it is enaugh to 
prove 
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Lemma 6.4. For any f <G T>(Tq) there is 5 > , C > such that \\Q s (f)\\i,s < C / or N < 8; Moreover 
for any f,g G X>(r ): 

lim l ||Q s (/*r - = lim ||Q,(/) * s Q s (g) - Q s (f * <?)Hm = 

S— ¥U S— S-U 



= lim ||-[Q s (/),Q s («7)] -Q S ({/, 5 })|| M = 0. 

s— >U S 

Proof: Let snpp/ C K M C T s for |s| < 5. Then ||Q S (/)||/, S = sup aeA J Bs a + For 

5 < if : ^T5F| - i-|s|M on the su PP° rt of /> therefore ||Q s (/)|| ijS < i^ M sup|/| and the estimate 
proves the first statement. 

Let suppf U suppf* C K M , for any |s| < suppf, suppf* C r s . Define F(b,a) := (Q s (f*)* s - 
Q s (f))(b,a) = /(jrp55, T+ib) ~ f(b,a). Fix o G i and consider the function 6' i-> |F(6',a + so')|. Its 



support is contained in S\ U S2 for Si := {6' : 



l+sb' 



a+sb' 



l+sb' 



< M} and S 2 := {b> 



\b'\ < M , jj < \a + sb'\ < M}. Now, for \s\^j we get that union of these sets is contained in the set 
S3 := {b' : \b'\ < 2M} and on this set we have estimates: 



1 



l + sb' 



< 2 and — < 
M ~ 



a + sb' 



l + sb' 



< 2M. 



Using these estimates and equalities: 1 = b' + 1 f^, , f^fp = a + s&' H — 3+^7^ - we get: 



|F(6',a + S 6')l < sup ||/' 



l+s6' 

s 6' 2 



1 + sb' 



+ 



l+sb" l+s6' 

-so' (a + sb') 



<| S |sup||/'||(2|6'| 2 + 2M| '|) 



l + sb' 

It follows that lim a _> ||P|| M = 0, so lim a _> \\Qs{f*)* s ~ Qs(f)\\l,s = 0. 

For sufficiently small \s\ the functions (Qs(f)Qs(g) — Qs{f * g) have support in a fixed compact subset 
of T s , so we have to show that Q s (f)Qs(g) — Qs(f * <?) converges to uniformly. So choose M such that 
supp f U suppg U supp(f * g) C Km , |s|M 2 < 1. Then 

-)-f(lf,a)g(b-l/,a) 



r M / 1 6-6' 
(Qs(f)Qs(g)-Qs(f*g))(b,a) = J^dW ^ T _^/(&',a + s (6-&')) 5 ( T -^, T 



+ s6' 



For |6'| < M we have 



< 



< (1 + s6') 



/(o ', a + s(6 _ 60)5(^7 , 3-^7) - /(&', a) 5 (6 - 6', a) - sb>f(b>, a)g(b - if, a) 



< 



< (1 - HM)- 1 

For the first term there is an estimate: 



a + s{b _ 60)5(^7 , ^7) " f(b', a)g{b - b> , a) 



+ |s|Msup|/ 5 | 



/(&', a + a(6 - ^(^7, ^7) - f(b', a)g(b - b> , a) 



< 



< |s|sup|fif|sup|0 a /||6- 6' I + sup l/l 



5( rri'TT^ ) - 5(6 - 6, ' a) 



and finally: 



5( lT^'lT^ ) - 5(6 - 6, '^ 



< |a|Msup||^|| 



6-6' 



+ 



l + sb' 



< 



< |s|Msup 11^11(1 - |s|M) _1 (|6| + \a\ + M), 
since b, a are in a fixed compact set, convergence is uniform and lim s ^o \ \Qs(f) *sQs(g) — Qs(f *g)\\l,s = 0. 
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In a similar way, to prove the third equality we have to show that the functions ^[Q s (f),Qs(g)] — 
Qs({f,g}) converge to uniformly. Again, let /, g, {f,g} be supported in Km C T s : 

N.C/W.MXM) = £ ^Hb', a + sW - »)9(^, j^g) 
r M db' b-b' 1 4 sfr 14- sfr' 

rM 

(Qsiif, 9}))(b, a) = (a - 1) / db' [(d a f)(b\ a) (b - b') g(b - b', a) - b' /(&', a) (d a g)(b - b\ a)] 

J-M 

(in the formula for Q s (g)Qs(f) we use second expression of ([55]) ). This computation is straightforward 
and can be done as in the previous point. This ends the prove of the lemma and statements (2)-(4) of 
the proposition (|6.3p ■ 

Now we come to the last point. Let's start with lower semicontuity at s = 0. So we have to prove that: 
V/ G £>(r )Ve > 035 > (|s| < 8 => > |[/|| - e) ( ||/| (-denotes the operator norm of vr (/) 

on L 2 (To)). The following simple lemma reduces the problem to strong convergence of operators Q s (f)' 

Lemma 6.5. Let H be a Hilbert space, A G B(H), A s - family of bounded operators defined for some 
neighbourhood of G M and V C H a dense subspace. Assume that for every v G V lim^o^s^ = Av. 
Thence > 035 > (\s\ < 5 =*► \\A S \\ > \\A\\ - e) ■ 

So we have to prove that for /,j 6 ^(Fo) f *s g — f * g converges to in L 2 (To) as s goes to 0. But 
for sufficiently small |s| these functions have supports in a fixed compact set, so it is enaugh to prove 
uniform convergence and this can be done as in the previous points. 

Now, for s,r/0, consider the map : T r 3 (b,a) h-» (^b, a) G T s . This is a diffeomorphism and an 
isomorphism of groupoids. It defines a *-isomorphism 3> sr : T>(T r ) — > T>(T S ) and unitary operator V sr 
on L 2 (ro). The formulae are: 

:= |-|/(-M) , V sr (m) = A /|^($ sr /)*o , / G V{T r ) 
r r \ s 

Moreover, we have: 

V rs V sr =1, V rs 7T s (f)V sr = 7T P ($„(/)) , / G V(T S ) 

Let / G L)(T S ) then there exists |s| > 5 > such that / G T>(T s+e ) for |e| < 5. 

||Q a+e (/)|| a+e = ||7T s+e (/)|| = \\V ss+e 7T s+e (f)V s+es \\ = ||7r s ($ ss+e (/))|| = ||Q s ($ ss+e (/))|| s 

Now, it is straightforward to check that the functions <& ss + e (/) — f have support in a fixed compact set 
and tend to uniformly as e goes to 0. This ends the proof of the proposition (|6.3p , ■ 

The groupoid To is a (trivial) bundle of groups M, as such it can be identified with its Lie algebroid 
Ex A. For / G V{T ) let (Ff)(/3,a) := f dbe~ 27ri,3b f(b,a) be the (partial) Fourier transform. Let 
B := F(T>(Tq)), then it is a *-subalgebra of smooth functions (with respect to pointwise multiplication 
and complex conjugation as an involution) on a dual bundle. For F,G G B let us define: 

{F, G} := —iF({F~ x F, F^G}) 

Then straightforward calculation gives: 

(39) {F,G}(f3,a) = ^ ((d a F){d p G)(fi,a) - {d a G){d p F)(fi,a)) 

On the other hand recall the morphism : To — o To x To defined in section 2 

Gr{m^) := {(b 2 ai, ai, b 2 , a 2 ; b 2 a x , at, a 2 )} 
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Applying the cotangent lift (see [5]) we obtain the morphism (of symplectic groupoids) T*(Tq) and 
T*(Tq) x T*(Fq), its base map is nothing but the multiplication in the subgroup (TA)° C T*(Tq). The 
map lxi3(fta)4 f3db(0, a) € (TA)° identifies the group (TA)° with M x A with the multiplication: 

(Pi,a 1 )((3 2 ,a 2 ) := Q3i + a7/ x /3 2 , aia 2 ) 

(which is again 'ax+b' group in different presentation). One easily checks that the bracket (|39p is a 
Poisson-Lie bracket on this group. 

7. Appendix 

Here we collect some formulae proven in [6] and used in this paper. (G; A, B) is a double Lie group, 
q, a, b are corresponding Lie algebras and q = a b (direct sum of vector spaces). 

Modular functions. Let P^j-fsbe projections in g corresponding to the decomposition g = a© fa. Let us 
define: 

(40) j A (g) ■= | det(P A Ad(g)\ a )\ , j B (g) := \ det(P B Ad(g)\ b )\ 

The choice of ujq. Choose a real half-density (jlq ^ on T e B and define left-invariant half-density on G A 
by 

Mg)(v) ■■=Mg~ 1 v),veA max T l g G A 

Then the corresponding right-invariant half-density is given by: 

Po(s)M :=i B (a L ( 5 ))- 1 /2 /io(u;5 -i )! w e A max TgGA- 

Multiplication and comultiplication in A(G A ) After a choice of as above, the multiplication in A(Ga) 
reads: (/iw )(/2^o) =: (/l * h)^0 and 

(h*h)(9)= [ d l bf 1 (a L (g)b)f 2 (b L (a L (g)b)- 1 g) = 
Jb 

(41) / <ir6ji?(aL(&a i? ( 5 )))- 1 /i(5^(&«i?(5))" 1 )/2(&a i? ( 9 )), 

JB 

where dib and d r 6 are left and right Haar measures on B defined by 
The || • ||; defined by this u>o is given by: 

(42) ll/H, = sup / dib\f{ab)\ 

a£AJB 

The formula for 5$ reads 

5 (fuJ ){F(ujQ ® ujq)) =: (S (f)F)(uJo <g> uq) 

(43) (5 (f)F)(a 1 b 1 ,a 2 b 2 ) = [ dfiMb^b))- 1 / 2 f(a 1 a 2 b)F(b L (a 1 a 2 b)- 1 a 1 b 1 ,a R (a 2 b)b- 1 b 2 ) 

Jb 

The mappings (id X So) and (5q x id) are given by: 

[(id^S )(F 1 )F 2 ](a 1 b 1 ,a 2 b 2 ,a 3 b 3 ) = [ d l b'd l b"F 1 (a 1 b',a 2 a 3 b")x 

JBxB 

(44) xF 2 (6 i (a 1 6r 1 ai6i,6L(a2a36' , ) _1 «2&2,ai?(a 3 6 ,/ ) _1 ^ 1 ^)ii?(fcL(a36 ,/ ))~ l 

[(S ^id)(F 1 )F 2 ](a 1 b 1 ,a 2 b 2 ,a 3 b 3 ) = [ d t b' dfi" F^a^b' ,a 3 b")x 

JBxB 

(45) xF 2 (6 L (aia 2 6 , )~ 1 a 1 6i,a i? Xa 2 6')^ 1 6 2 ,6L(a 3 6 / ')" 1 a3fc3)iB(&L(a 2 6 / ))~^ 
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